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Abstract Let (H(U ), τω) denote the vector space of all complex-valued holomorphic func-
tions on an open subset U of a Banach space E , with the Nachbin compact-ported topology.
Let (H(K ), τω) denote the vector space of all complex-valued holomorphic germs on a com-
pact subset K of E , with its natural inductive limit topology. Let P(m E) denote the Banach
space of all continuous complex-valued m-homogeneous polynomials on E . When E has a
Schauder basis, we show that (H(K ), τω) has the approximation property for every compact
subset K of E if and only if P(m E) has the approximation property for every m ∈ N. When
E has an unconditional Schauder basis, we show that (H(U ), τω) has the approximation
property for every pseudoconvex open subset U of E if and only if P(m E) has the approxi-
mation property for every m ∈ N. These theorems apply in particular to the classical Banach
spaces 1 and c0, and to the original Tsirelson space T ∗.
Keywords Holomorphic function · Holomorphic germ · Homogeneous polynomial ·
Banach space · Schauder basis · Approximation property
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0 Introduction
Let H(U ) denote the vector space of all complex-valued holomorphic functions on a
nonempty open subset U of a complex Banach space E . Let τ0, τω and τδ respectively
denote the compact-open topology, the compact-ported topology and the bornological
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topology on H(U ). Let P(m E) denote the Banach space of all complex-valued continuous
m-homogeneous polynomials on E .
The study of the approximation property for the spaces (H(U ), τ0), (H(U ), τω) and
(H(U ), τδ) was initiated by Aron and Schottenloher [4] in 1976. In particular they proved
that E has the approximation property if and only if (H(U ), τ0) has the approximation
property for every balanced open subset U of E . They also proved that (H(E), τω) has the
approximation property if and only if (H(E), τδ) has the approximation property if and only
if P(m E) has the approximation property for every m ∈ N.
More recently Boyd, Dineen and Rueda [6] and Caliskan [7] have studied the approxima-
tion property and the bounded approximation property, respectively, for the space Hwu(U )
of all f ∈ H(U )which are weakly uniformly continuous on U -bounded sets, with its natural
topology, when U is a balanced open set.
In 2004 Dineen and Mujica [12] extended some of the results of Aron and Schottenloher
[4] on (H(U ), τ0) to the case of arbitrary open sets. In particular they proved that if E is
a Banach space with a Schauder basis, then (H(U ), τ0) has the approximation property for
every open subset U of E .
In 2010 Dineen and Mujica [13] extended some of the results of Aron and Schottenloher
[4] on (H(U ), τω) and (H(U ), τδ) to the case of arbitrary open sets. In particular they proved
that if E is a Banach space with a shrinking Schauder basis, and with the property that every
P ∈ P(m E) is weakly continuous on bounded sets, then (H(U ), τω) and (H(U ), τδ) have
the approximation property for every open subset U of E . This theorem applies in particular
to c0, to the original Tsirelson space T ∗, and to the Tsirelson–James space T ∗J studied by
Aron and Dineen [3], but does not apply to 1.
In this paper we follow an entirely different approach to the study of the approximation
property for (H(U ), τω). Indeed this paper is mainly devoted to the study of the approximation
property for the space (H(K ), τω) of all complex-valued holomorphic germs on a compact
subset K of E, with its natural inductive limit topology. In our main result we show that if
E is a Banach space with a Schauder basis, then (H(K ), τω) has the approximation property
for every compact subset K of E if and only if P(m E) has the approximation property for
every m ∈ N.
In a recent paper Mujica and Zerhusen [25] have shown that if E is a Banach space
with an unconditional Schauder basis, U is a pseudoconvex open subset of E, and K is a
holomorphically convex compact subset of U, then H(U ) is a sequentially dense subspace
of (H(K ), τω).
By combining the aforementioned results we prove that if E is a Banach space with an
unconditional Schauder basis, then (H(U ), τω) has the approximation property for every
pseudoconvex open subset U of E if and only if P(m E) has the approximation property for
every m ∈ N. This theorem applies in particular to 1, to c0 and to T ∗.
This paper is organized as follows. In Sect. 1 we briefly recall the approximation prop-
erty and the ε-product of Laurent Schwartz, and state an important characterization of the
approximation property in terms of the ε-product. Section 2 is devoted to the study of the
approximation property for the Fréchet space Hb(U ) of all complex-valued holomorphic
functions of bounded type on U . Section 3 is devoted to the study of the approximation prop-
erty for the space (H(K ), τω). Finally Sect. 4 is devoted to the study of the approximation
property for the space (H(U ), τω).
We refer to the book of Lindenstrauss and Tzafriri [21] for background information on
Banach spaces, and to the books of Dineen [9] or Mujica [23] for background information
on infinite dimensional complex analysis.
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1 The approximation property and the ε-product
In this section E and F represent locally convex spaces, always assumed complex and
Hausdorff. Let L(E; F) denote the vector space of all continuous linear mappings from E
into F, and let Lc(E; F) denote the vector space L(E; F), with the topology of uniform
convergence on all convex, balanced compact subsets of E . When F = C we write E ′ instead
of L(E; C), and E ′c instead of Lc(E; C). Let E ′ ⊗ F denote the subspace of all finite rank
mappings in L(E; F).
A locally convex space E is said to have the approximation property if the identity mapping
on E lies in the closure of E ′ ⊗ E in Lc(E; E). This is Schwartz’ definition of the approx-
imation property in [28], which is slightly different from Grothendieck’s definition in [15],
though both definitions coincide for quasi-complete locally convex spaces. The following
useful result follows easily from the definition.
Proposition 1.1 Let E be a locally convex space. If E has the approximation property, then
each complemented subspace of E has also the approximation property.
One of the main tools in this paper is the ε-product of Laurent Schwartz [28,29]. The
ε-product of E and F, denoted by EεF, is the space Lε(E ′c; F), that is the vector space
L(E ′c; F), with the topology of uniform convergence on the equicontinuous subsets of E ′.
The following result is due to Schwartz [28].
Proposition 1.2 (See [28]) Let E and F be locally convex spaces. Then the transpose map-
ping T ∈ EεF → T t ∈ FεE is a topological isomorphism.
In this paper we will frequently use the following important characterization of the approx-
imation property in terms of the ε-product.
Theorem 1.3 (See [15,28,5]) A locally convex space E has the approximation property if
and only if E ⊗ F is dense in EεF for every Banach space F.
Theorem 1.3 follows from results of Grothendieck [15], Schwartz [28] and Bierstedt and
Meise [5]. Detailed proofs of these results can be found in [12] and [24].
2 Spaces of holomorphic functions of bounded type
From now on E and F represent complex Banach spaces. Let U be an open subset of E,
and let H(U ; F) denote the vector space of all holomorphic mappings from U into F . Let
τ0 denote the compact-open topology on H(U ; F). When F = C, we write H(U ) instead
of H(U ; C).
A mapping f ∈ H(U ; F) is said to be compact if for each x ∈ U there is an open
neighborhood V of x in U such that f (V ) is relatively compact in F . Let Hk(U ; F) denote
the subspace of all compact members of H(U ; F).
A set A ⊂ U is said to be U-bounded if A is bounded in E and there is r > 0 such that
A+ B(0; r) ⊂ U . Let Hb(U ; F) (resp. Hbk(U ; F)) denote the subspace of all f ∈ H(U ; F)
such that f (A) is bounded (resp. relatively compact) in F for each U -bounded set A. When
F = C, we write Hb(U ) instead of Hb(U ; C).
Hb(U ; F) is a Fréchet space for the topology of uniform convergence on the U -bounded
sets, and Hbk(U ; F) is a closed subspace of Hb(U ; F). It is clear that Hbk(U ; F) ⊂
Hk(U ; F).
Theorem 2.1 Let E and F be Banach spaces, let U be an open subset of E, and let f ∈
H(U ; F). Then the following conditions are equivalent:
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(a) f ∈ Hbk(U ; F).
(b) f t : ψ ∈ F ′c → ψ ◦ f ∈ Hb(U ) is continuous.
(c) f t : ψ ∈ F ′ → ψ ◦ f ∈ Hb(U ) is compact.
Proof (a) ⇒ (b): Let A be a U -bounded set. By hypothesis L = f (A) is a compact subset
of F . Then
sup
A
|ψ ◦ f | = sup
L
|ψ | for every ψ ∈ F ′,
and the mapping in (b) is continuous.
(b) ⇒ (a): By hypothesis the mapping in (b) is continuous. Hence for each U -bounded
set A, there are a convex, balanced, compact set L ⊂ F and a constant c > 0 such that
sup
A
|ψ ◦ f | ≤ c sup
L
|ψ | = sup
cL
|ψ | for every ψ ∈ F ′.
It follows that (cL)◦ ⊂ f (A)◦, and therefore f (A) ⊂ f (A)◦◦ ⊂ (cL)◦◦ = cL , by the
bipolar theorem. Thus f ∈ Hbk(U ; F).
(b) ⇒ (c): This implication is clear, since the identity mapping F ′ → F ′c is compact.
(c) ⇒ (b): It follows from (c) that f t (B) is a compact subset of Hb(U ) for each bounded
set B ⊂ F ′. Ifψi → ψ in (B, σ (F ′, F)), thenψi ◦ f (x) → ψ ◦ f (x) for every x ∈ U . Since
f t (B) is a compact subset of Hb(U ), it follows that Hb(U ) induces on f t (B) the topology
of pointwise convergence. Hence ψi ◦ f → ψ ◦ f in Hb(U ), and we have shown that the
restriction
f t |B : ψ ∈ (B, σ (F ′, F)) → ψ ◦ f ∈ Hb(U )
is continuous for each bounded set B ⊂ F ′. By the Banach–Dieudonné theorem the mapping
in (b) is continuous.
Theorem 2.2 Let E and F be Banach spaces, and let U be an open subset of E. Then each
of the mappings
f ∈ Hbk(U ; F) → f t ∈ FεHb(U ) (1)
and
f ∈ Hbk(U ; F) → f tt ∈ Hb(U )εF (2)
is a topological isomorphism.
Proof By Theorem 2.1 the mapping (1) is well defined. It is injective, since F ′ separates the
points of F . To show that it is surjective let T ∈ FεHb(U ). Then clearly T ∈ Fε(H(U ), τ0).
By a result of Schottenloher [27] the mapping f ∈ (H(U ; F), τ0) → f t ∈ Fε(H(U ), τ0)
is a topological isomorphism. In particular there exists f ∈ H(U ; F) such that f t = T . By
Theorem 2.1 f ∈ Hbk(U ; F), and therefore the mapping (1) is surjective. Then the identity
sup
x∈A




|ψ ◦ f (x)|
shows that the mapping (1) is a topological isomorphism. By Proposition 1.2 the mapping
(2) is a topological isomorphism too.
Theorems 1.3 and 2.2 yield the following theorem.
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Theorem 2.3 Let E be a Banach space, and let U be an open subset of E. Then Hb(U )
has the approximation property if and only if Hb(U ) ⊗ F is dense in Hbk(U ; F) for every
Banach space F.
Let P(m E; F) denote the Banach space of all continuous m-homogeneous polynomials
from E into F . When F = C, we write P(m E) instead of P(m E; C).
A polynomial P ∈ P(m E; F) is said to be compact if P(BE ) is relatively compact in F .
Let Pk(m E; F) denote the subspace of all compact members of P(m E; F).
If f ∈ H(U ; F) and x ∈ U, then Pm f (x) denotes the m-homogeneous polynomial
in the Taylor series expansion of f at x . If f ∈ Hk(U ; F), then one can readily see that
Pm f (x) ∈ Pk(m E; F) for every x ∈ U and m ∈ N.
Corollary 2.4 For a Banach space E the following conditions are equivalent:
(a) Hb(U ) has the approximation property for every balanced open set U ⊂ E.
(b) P(m E) has the approximation property for every m ∈ N.
(c) P(m E)⊗ F is dense in Pk(m E; F) for every m ∈ N and every Banach space F.
(d) Hb(U )⊗ F is dense in Hbk(U ; F) for every balanced open set U ⊂ E and every Banach
space F.
Proof Since P(m E) is a complemented subspace of Hb(U ), the implication (a) ⇒ (b)
follows from Proposition 1.1. The equivalence (b) ⇔ (c) is due to Aron and Schottenloher
[4]. To show that (c) ⇒ (d), let f ∈ Hbk(U ; F). Then Pm f (0) ∈ Pk(m E; F) for every
m ∈ N. By using the Taylor series expansion of f at the origin, it follows that (c) ⇒ (d).
Finally the implication (d) ⇒ (a) follows from Theorem 2.3.
3 Spaces of holomorphic germs
Let U be an open subset of E . A seminorm p on H(U ; F) is said to ported by a compact
set K ⊂ U if for each open set V , with K ⊂ V ⊂ U , there is a constant c > 0 such that
p( f ) ≤ c supx∈V ‖ f (x)‖ for every f ∈ H(U ; F). The Nachbin compact-ported topology
on H(U ; F), denoted by τω, is the locally convex topology generated by those seminorms
which are ported by some compact subset of U .
Let K be a compact subset of E , and let H(K ; F) denote the vector space of all F-valued
holomorphic germs on K . When F = C, we write H(K ) instead of H(K ; C). We also denote
by τω the locally convex inductive limit topology on H(K ; F) which is defined by
(H(K ; F), τω) = indU⊃K (H(U ; F), τω).
It is well known that
(H(K ; F), τω) = indU⊃K H∞(U ; F),
where H∞(U ; F) denotes the Banach space of all bounded holomorphic mappings from U
into F , with the norm of the supremum (see [8,22], or [9, p. 276]), and hence it follows that
(H(K ; F), τω) = indU⊃K Hb(U ; F).
A germ f ∈ H(K ; F) is said to be compact if there exists an open neighborhood U of K
such that f ∈ H(U ; F) and f (U ) is relatively compact in F . Let Hk(K ; F) denote the
subspace of all compact members of H(K ; F).
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Theorem 3.1 Let E and F be Banach spaces, let K be a compact subset of E, and let
f ∈ H(K ; F). Then the following conditions are equivalent:
(a) f ∈ Hk(K ; F).
(b) f t : ψ ∈ F ′c → ψ ◦ f ∈ (H(K ), τω) is continuous.
(c) f t : ψ ∈ F ′ → ψ ◦ f ∈ (H(K ), τω) is compact.
Proof (a) ⇒ (b): Since f ∈ Hk(K ; F), there exists an open neighborhood U of K such
that f ∈ H(U ; F) and the set L := f (U ) is compact in F . Then
sup
x∈U
|ψ ◦ f (x)| = sup
y∈L
|ψ(y)| for every ψ ∈ F ′,
and therefore the mapping
f t : ψ ∈ F ′c → ψ ◦ f ∈ H∞(U )
is continuous. Hence the mapping in (b) is continuous too.
(b) ⇒ (c): This implication is clear, since the identity mapping F ′ → F ′c is compact.
(c) ⇒ (a): Let U0 be an open neighborhood of K such that f ∈ H(U0; F). By hypothesis
f t (BF ′) is a compact subset of (H(K ), τω). By [22, p. 16, Corollary 3]] there exists an open
set U , with K ⊂ U ⊂ U0, such that f ′(BF ′) is a compact subset of (H(U ), τω). Thus the
mapping
f t : ψ ∈ F ′ → ψ ◦ f ∈ (H(U ), τω)
is compact. Then by [13, Theorem 3.3] f ∈ Hk(U ; F). Hence it follows that f ∈ Hk(K ; F),
and the proof is complete.
We next recall the definition of another topology on H(U ; F), already considered in [24]
and [13]. Given a seminorm p on H(U ), let p̃ denote the seminorm on H(U ; F) which is
defined by
p̃( f ) = sup
ψ∈BF ′
p(ψ ◦ f ).
Let wτω denote the locally convex topology on H(U ; F) which is defined by the seminorms
of the form p̃, where p varies among the continuous seminorms on (H(U ), τω). If p is
a continuous seminorm on (H(U ), τω), then it follows that p̃ is a continuous seminorm
on (H(U ; F), τω), and therefore wτω ≤ τω on H(U ; F). We know of no example where
wτω = τω on H(U ; F). This suggests the following conjecture.
Conjecture 3.2 If E and F are Banach spaces, then wτω = τω on H(U ; F) for every open
set U ⊂ E.
In an entirely analogous way we may define the wτω topology on H(K ; F). As before
we can prove that wτω ≤ τω on H(K ; F).
Theorem 3.3 Let E and F be Banach spaces, and let K be a compact subset of E. Then
each of the mappings
f ∈ (Hk(K ; F), wτω) → f t ∈ Fε(H(K ), τω) (3)
and
f ∈ (Hk(K ; F), wτω) → f tt ∈ (H(K ), τω)εF (4)
is a topological isomorphism.
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Proof By the preceding theorem the mapping (3) is well defined. Since F ′ separates the
points of F , it follows that the mapping (3) is injective. To show that the mapping (3) is
surjective, let
T ∈ Fε(H(K ), τω) = L(F ′c; (H(K ), τω)).
Since the identity mapping F ′ → F ′c is compact, it follows that the mapping T : F ′ →
(H(K ), τω) is compact too, and therefore T (BF ′) is a compact subset of (H(K ), τω). Again
by [22, p. 16, Corollary 3], there is an open neighborhood U of K such that T (BF ′) is a
compact subset of (H(U ), τω). Hence the spaces (H(U ), τω) and (H(K ), τω) induce the same
topology on T (B) for each bounded set B ⊂ F ′. Since the mapping T : F ′c → (H(K ), τω)
is continuous, it follows that the restriction
T |B : B ⊂ F ′c → (H(U ), τω)
is continuous for each bounded set B ⊂ F ′. By the Banach–Dieudonné theorem the mapping
T : F ′c → (H(U ), τω) is continuous, that is T ∈ Fε(H(U ), τω). By [13, Theorem 3.4] there
exists f ∈ Hk(U ; F) such that f ′ = T . Hence f ∈ Hk(K ; F) and the mapping (3) is
surjective. To show that the mapping (3) is a topological isomorphism, let p be a continuous
seminorm on (H(K ), τω), and let q be the continuous seminorm on Fε(H(K ), τω) which is
defined by
q(T ) = sup
ψ∈BF ′
p(Tψ).
If f ∈ Hk(K ; F), then
q( f t ) = sup
ψ∈BF ′
p(ψ ◦ f ) = p̃( f ),
and it follows that the mapping (3) is a topological isomorphism. By Proposition 1.2 the
mapping (4) is a topological isomorphism too.
Thorems 1.3 and 3.3 yield the following theorem.
Theorem 3.4 Let E be a Banach space, and let K be a compact subset of E. Then (H(K ), τω)
has the approximation property if and only if H(K ) ⊗ F is dense in (Hk(K ; F), wτω) for
every Banach space F.
The main result in this section is the following theorem.
Theorem 3.5 Let E be a Banach space with a Schauder basis. Then the following conditions
are equivalent:
(a) (H(K ), τω) has the approximation property for every compact set K ⊂ E.
(b) P(m E) has the approximation property for every m ∈ N.
(c) H(K ) ⊗ F is sequentially dense in (Hk(K ; F), τω) for every compact set K ⊂ E and
every Banach space F.
(d) H(K )⊗ F is dense in (Hk(K ; F), wτω) for every compact set K ⊂ E and every Banach
space F.
Before proving Theorem 3.5 we need some auxiliary lemmas. Before stating those lemmas
we have to introduce some additional notation and terminology.
Let E be a Banach space with a Schauder basis (en)∞n=1, and let (φn)∞n=1 ⊂ E ′ denote
the sequence of coordinate functionals. Let (Tn)∞n=1 ⊂ L(E; E) and (T n)∞n=1 ⊂ L(E; E)
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φ j (x)e j for every x ∈ E .
Let
En = [e j : j ≤ n], En = [e j : j > n] for every n ∈ N.
Let B denote the open unit ball of E , and let
Bn = B ∩ En, Bn = B ∩ En for every n ∈ N.
Lemma 3.6 Let E be a Banach space with a Schauder basis. Then there exists an equivalent






‖|T n x‖|} for every x ∈ E .
Clearly ‖|.‖| is a norm on E , and ‖x‖ ≤ ‖|x‖| for every x ∈ E . We can readily prove that E
is complete with respect to ‖|.‖|, and then, by the open mapping theorem, the norms ‖.‖ and
‖|.‖| are equivalent. Clearly the projections Tn and T n have norm one with respect to ‖|.‖|.
By the preceding lemma, whenever E is a Banach space with a Schauder basis, we may
assume that the projections Tn and T n have norm one.
Lemma 3.7 Let E be a Banach space with a Schauder basis. Let K be a compact subset of
E. Then, given ρ > 0, there exist n ∈ N and an open subset Un of En such that
K + ρB ⊂ Un + 3ρBn ⊂ K + 6ρB.






Since Tn x → x for every x ∈ E , we can find n such that
‖T n xi‖ < ρ for i = 1, . . . , p.





(Tn xi + 2ρBn).
First we show that
K + ρB ⊂ Un + 3ρBn,
Indeed, let x ∈ K and y ∈ B. Let i such that x ∈ xi + ρB. Then
x + ρy = xi + ρy′ + ρy = xi + 2ρy′′, with y′, y′′ ∈ B.
Hence
x + ρy = Tn xi + T n xi + 2ρ(Tn y′′ + T n y′′)
= (Tn xi + 2ρTn y′′)+ (T n xi + 2ρT n y′′) ⊂ Un + 3ρBn,
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as asserted. Finally we show that
Un + 3ρBn ⊂ K + 6ρB.
Indeed let x ∈ Un and z ∈ Bn . Let i be such that x ∈ Tn xi + 2ρBn , that is x ∈ xi − T n xi +
2ρBn . Thus
x + 3ρz ∈ xi + ρBn + 2ρBn + 3ρBn ⊂ K + 6ρB,
and the proof is complete.
Proof of Theorem 3.5 Since P(m E) is topologically isomorphic to a complemented subspace
of (H(K ), τω), the implication (a) ⇒ (b) follows from Proposition 1.1. The implication
(c) ⇒ (d) is obvious, and the implication (d) ⇒ (a) follows from Theorem 3.3 It remains
to prove that (b) implies (c). We know that
(H(K ; F), τω) = indU⊃K Hb(U ; F).
Hence, given f ∈ Hk(U ; F), there exists ρ > 0 such that f (K +6ρB) is relatively compact
in F . In particular
f ∈ Hbk(K + 6ρB; F).
By Lemma 3.6 there exist n ∈ N and an open subset Un of En such that K + ρB ⊂
Un + 3ρBn ⊂ K + 6ρB, and therefore
f ∈ Hbk(Un + 3ρBn; F).
Since Un is open in En , and 3ρBn is open in En , it follows that Un + 3ρBn is open in
En ⊕ En = E , and we have the canonical topological isomorphism
Hb(Un + 3ρBn; F) = Hb(Un; Hb(3ρBn; F)).
Hence it follows that
f ∈ Hbk(Un + 3ρBn; F) ⊂ Hb(Un; Hbk(3ρBn; F)).
Since En is finite dimensional, a result of Grothendieck [15, Chapitre II, p. 81] guarantees
that
Hb(Un; Hbk(3ρBn; F)) = Hb(Un)⊗ Hbk(3ρBn; F).
By hypothesis P(m E) has the approximation property for every m ∈ N. Since En is a
complemented subspace of E , it follows that P(m En) is a complemented subspace of P(m E),
and therefore P(m En) has the approximation property for every m ∈ N. By Corollary 2.4
Hbk(3ρBn; F) = Hb(3ρBn)⊗ F .
It follows that
f ∈ Hbk(Un + 3ρBn; F) ⊂ Hb(Un; Hbk(3ρBn; F))
= Hb(Un)⊗ Hb(3ρBn)⊗ F ⊂ Hb(Un + 3ρBn)⊗ F .
Since K + ρB ⊂ Un + 3ρBn , it follows that
f ∈ Hb(K + ρB)⊗ F .
Hence it follows that H(K ) ⊗ F is sequentially dense in (Hk(K ; F), τω), and the proof is
complete.
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Remark 3.8 The decomposition method used in the proofs of Lemma 3.7 and Theorem 3.5
was inspired on a similar technique employed by Dineen, Harte and Taylor when defining
an infinite dimensional functional calculus (see [11] and [10]).
4 Spaces of holomorphic functions
The main result in this section is the following theorem.
Theorem 4.1 Let E be a Banach space with an unconditional Schauder basis. Then the
following conditions are equivalent:
(a) (H(U ), τω) has the approximation property for every pseudoconvex open set U ⊂ E.
(b) P(m E) has the approximation property for every m ∈ N.
(c) H(U ) ⊗ F is dense in (Hk(U ; F), τω) for every pseudoconvex open set U ⊂ E and
every Banach space F.
(d) H(U ) ⊗ F is dense in (Hk(U ; F), wτω) for every pseudoconvex open set U ⊂ E and
every Banach space F.
The proof of Theorem 4.1 rests on Theorem 3.5, in tandem with results of Dineen and
Mujica [13] and Mujica and Zerhusen [25], which we state below for the convenience of the
reader.
Theorem 4.2 (See [13, Theorem 3.5]) Let E be a Banach space, and let U be an open subset
of E. Then (H(U ), τω) has the approximation property if and only if H(U )⊗ F is dense in
(Hk(U ; F), wτω) for every Banach space F.
Theorem 4.3 (See [25, Theorem 3.2]) Let E be a Banach space with an unconditional
Schauder basis, let U be a pseudoconvex open subset of E, and let K be a compact subset of
U such that ̂KH(U ) = K . Then, for each open set V , with K ⊂ V ⊂ U, there exists an open
set W , with K ⊂ W ⊂ V , such that each function in H∞(V ) is the uniform limit on W of a




y ∈ U : | f (y)| ≤ sup
x∈K
| f (x)| for all f ∈ H(U )
}
.
We remark that the proof of [25, Theorem 3.2] rests on an extension theorem of Lempert
and Patyi [20], in tandem with an approximation theorem of Lempert [19].
Proof of Theorem 4.1 Since P(m E) is topologically isomorphic to a complemented subspace
of (H(U ), τω), the implication (a) ⇒ (b) follows from Proposition 1.1 The implication
(c) ⇒ (d) is obvious, and the implication (d) implies (a) follows from Theorem 4.2 It
remains to prove that (b) implies (c). To show that H(U ) ⊗ F is dense in (Hk(U ; F), τω),
let f ∈ Hk(U ; F), let p be a seminorm on H(U ; F) which is ported by a compact set
K ⊂ U , and let ε > 0. By a theorem of Gruman and Kiselman [16] (see [23, Theorem
45.8]) U is holomorphically convex, and we may assume that ̂KH(K ) = K . By Theorem 3.5
H(K ) ⊗ F is sequentially dense in (Hk(K ; F), τω). By [22, p. 16, Theorem 3.2] there is
an open set V , with K ⊂ V ⊂ U , such that f ∈ H∞(V ; F), and f is the uniform limit
on V of a suitable sequence in H∞(V ) ⊗ F . By Theorem 4.3 there is an open set W , with
K ⊂ W ⊂ V , such that each function in H∞(V ) is the uniform limit on W of a suitable
sequence in H(U ) ∩ H∞(W ). Since p is ported by K , there is a constant c > 0 such that
p(φ) ≤ c sup
x∈W
‖φ(x)‖ for every φ ∈ H(U ; F).
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There is g ∈ H∞(V )⊗ F such that
sup
x∈V
‖ f (x)− g(x)‖ < ε
2c
.





φ j (x)b j ,
with φ j ∈ H∞(V ) and b j ∈ F for every j . Let M = sup j ‖b j‖. Then for each j = 1, . . . , p,
there is a function ψ j ∈ H(U ) ∩ H∞(W ) such that
sup
x∈W
|φ j (x)− ψ j (x)| < ε
2pcM
.





ψ j (x)b j .
Then it follows that
sup
x∈W
‖ f (x)− h(x)‖ ≤ sup
x∈W
‖ f (x)− g(x)‖ + sup
x∈W




p( f − h) ≤ c sup
x∈W
‖ f (x)− h(x)‖ < ε.
This completes the proof.
Remark 4.4 Let E be a Banach space with an unconditional Schauder basis, and let U be a
pseudoconvex open subset of E . It follows from [25, Corollary 3.6] that the space (H(U ), τω)
is topologically isomorphic to the reduced projective limit of the spaces (H(K ), τω), with
K ⊂ U . Since the reduced projective limit of a family of locally convex spaces with
the approximation property has also the approximation property (see [17, p. 401, Propo-
sition 1] or [18, p. 247, (7)]), the equivalence of conditions (a) and (b) in Theorem 4.1
follows immediately from the equivalence of conditions (a) and (b) in Theorem 3.5 By using
[13, Theorem 3.5] it follows that conditions (a) and (b) are also equivalent to (d) in
Theorem 4.1 We have given a longer proof, which shows that conditions (a), (b) and (d)
are also equivalent to (c).
Example 4.5 Next we give examples of Banach spaces E , with an unconditional Schauder
basis, such that P(m E) has the approximation property for every m ∈ N.
(a) Aron and Schottenloher [4] have shown that P(m1) has the approximation property for
every m ∈ N.
(b) Ryan [26] has shown that P(mc0) has a Schauder basis, and in particular has the approx-
imation property, for every m ∈ N.
(c) Let T ∗ denote the reflexive Banach space with an unconditional Schauder basis con-
structed by Tsirelson [30]. By using a result of Alencar, Aron and Dineen [2], Alencar
[1] has shown that P(m T ∗) has a Schauder basis, and in particular has the approximation
property, for every m ∈ N.
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Remark 4.6 (a) It follows from Theorem 4.1 and Example 4.5(a) that (H(U ), τω) has the
approximation property for every pseudoconvex open subset U of 1. This gives a partial
solution to a problem posed by the authors in [13]. We do not know if the conclusion
remains valid for every open subset of 1. We do not know either if a similar result holds
for the bornological topology τδ .
(b) It follows from Theorem 4.1 and Example 4.5(b) that (H(U ), τω) has the approximation
property for every pseudoconvex open subset of c0. The same result holds for every open
subset of c0, by [13, Theorem 5.3 and Example 5.5(a)]. When U = c0 we can say much
more. Indeed in a very recent paper we have shown that the monomials form a Schauder
basis in (H(c0), τω) (see [14, Theorem 2]).
(c) Aron and Dineen [3] have shown that the Tsirelson–James space T ∗J has a shrinking
Schauder basis, but does not have an unconditional Schauder basis. Since every P ∈
P(m E) is weakly continuous on bounded sets, it follows that [13, Theorem 5.3] applies
to T ∗J , but Theorem 4.1 does not apply to T ∗J .
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